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Outline

◮ Review of algebraic Bethe Ansatz for the sl(2) and sl(3) XXX spin-chains.

◮ A set of uniquely-determining properties of the sl(2) XXX scalar product.

◮ Determinant solution of the preceding conditions.

◮ A set of uniquely-determining properties of the sl(3) XXX scalar product.

◮ A partial result towards solving these conditions.



Algebraic Bethe Ansatz for models with sl(2) symmetry

◮ We define a(u) = u + 1, b(u) = u, c(u) = 1. The R-matrix is

Rαβ(u) =









a(u) 0 0 0
0 b(u) c(u) 0
0 c(u) b(u) 0
0 0 0 a(u)









αβ

◮ The monodromy matrix is

Tα(u) =

(

A(u) B(u)
C(u) D(u)

)

α

and satisfies the intertwining relation

Rαβ(u − v)Tα(u)Tβ(v) = Tβ(v)Tα(u)Rαβ(u − v)



Algebraic Bethe Ansatz for models with sl(2) symmetry

◮ The transfer matrix is T (u) = A(u)+ D(u). Eigenvectors of T (u) are given by

|v1, . . . , vm〉 = B(v1) . . . B(vm)|0〉

〈vm, . . . , v1| = 〈0|C(vm) . . . C(v1)

with {v1, . . . , vm} satisfying the Bethe equations.

◮ The scalar product S({u}m|{v}m) is defined as

S({u}m|{v}m) = 〈um, . . . , u1|v1, . . . , vm〉



Nested Bethe Ansatz for models with sl(3) symmetry

◮ The R-matrix is

R
(1)
αβ

(u) =



























a(u) 0 0 0 0 0 0 0 0
0 b(u) 0 c(u) 0 0 0 0 0
0 0 b(u) 0 0 0 c(u) 0 0
0 c(u) 0 b(u) 0 0 0 0 0
0 0 0 0 a(u) 0 0 0 0
0 0 0 0 0 b(u) 0 c(u) 0
0 0 c(u) 0 0 0 b(u) 0 0
0 0 0 0 0 c(u) 0 b(u) 0
0 0 0 0 0 0 0 0 a(u)



























αβ

and we define R
(2)
αβ

(u) ≡ Rαβ(u).

◮ Represent the entries as follows:

a: 1 1

1

1

2 2

2

2

3 3

3

3

b: 1 1

2

2

1 1

3

3

2 2

1

1

2 2

3

3

3 3

1

1

3 3

2

2

c: 1 2

1

2

1 3

1

3

2 1

2

1

2 3

2

3

3 1

3

1

3 2

3

2



Nested Bethe Ansatz for models with sl(3) symmetry

◮ The monodromy matrix is

T
(1)
α (u) =





t11(u) t12(u) t13(u)
t21(u) t22(u) t23(u)
t31(u) t32(u) t33(u)





α

=

(

A(1)(u) B
(1)
β

(u)

C
(1)
γ (u) D

(1)
δ

(u)

)

where we have defined

B
(1)
β

(u) =
(

t12(u) t13(u)
)

β
D

(1)
δ

(u) =

(

t22(u) t23(u)
t32(u) t33(u)

)

δ

◮ The intertwining equation is

R
(1)
αβ

(u − v)T
(1)
α (u)T

(1)
β

(v) = T
(1)
β

(v)T
(1)
α (u)R

(1)
αβ

(u − v)



Nested Bethe Ansatz for models with sl(3) symmetry

◮ We also need

T
(2)
α (u|vm, . . . , v1) = D

(1)
α (u)R

(2)
ααm (u − vm) . . . R

(2)
αα1 (u − v1)

≡

(

A(2)(u|{v}m) B(2)(u|{v}m)

C(2)(u|{v}m) D(2)(u|{v}m)

)

α

and

T
(2)
α (v1, . . . , vm|u) = R

(2)
αα1 (u − v1) . . . R

(2)
ααm (u − vm)D

(1)
α (u)

≡

(

A(2)({v}m|u) B(2)({v}m|u)

C(2)({v}m|u) D(2)({v}m|u)

)

α



Nested Bethe Ansatz for models with sl(3) symmetry

◮ The transfer matrix is T (u) = t11(u) + t22(u) + t33(u). Eigenvectors of T (u)
are given by

|{v}m, {u}n〉 = B
(1)
α1

(v1) . . . B
(1)
αm

(vm)B
(2)

(u1|{v}m) . . . B
(2)

(un|{v}m)|0〉 ⊗ |2m〉α

〈{u}n, {v}m| = 〈2m|α ⊗ 〈0|C(2)
({v}m|un) . . . C

(2)
({v}m|u1)C

(1)
αm

(vm) . . . C
(1)
α1

(v1)

with {u1, . . . , un} and {v1, . . . , vm} satisfying the nested Bethe equations.

◮ The scalar product S({µ}n, {ν}m|{v}m, {u}n) is defined as

S({µ}n, {ν}m|{v}m, {u}n) = 〈{µ}n, {ν}m|{v}m, {u}n〉



Specialization to XXX model — sl(2) case

◮ Consider an XXX spin-chain of length ℓ. The monodromy matrix becomes

Tα(u) = Rαℓ(u − wℓ) . . . Rα1(u − w1)

u

wℓ w1

◮ The pseudo-vacuum states |0〉 and 〈0| are chosen to be

|0〉 = |1ℓ〉 ≡
ℓ
∏

i=1

(

1
0

)

i

〈0| = 〈1ℓ| ≡
ℓ
∏

i=1

(

1 0
)

i

◮ The Bethe equations for this model:

ℓ
∏

j=1

(

vi − wj + 1

vi − wj

)

=

m
∏

j 6=i
j=1

(

vi − vj + 1

vi − vj − 1

)



Specialization to XXX model — sl(3) case

◮ Consider an XXX spin-chain of length ℓ. The monodromy matrix becomes

T
(1)
α (u) = R

(1)
αℓ

(u − wℓ) . . . R
(1)
α1 (u − w1)

◮ The pseudo-vacuum states |0〉 and 〈0| are chosen to be

|0〉 = |1ℓ〉 ≡
ℓ
∏

i=1





1
0
0





i

〈0| = 〈1ℓ| ≡
ℓ
∏

i=1

(

1 0 0
)

i

◮ The two sets of Bethe equations for this model:

ℓ
∏

j=1

(

vi − wj + 1

vi − wj

) n
∏

k=1

(

vi − uk

vi − uk − 1

)

=
m
∏

j 6=i
j=1

(

vi − vj + 1

vi − vj − 1

)

m
∏

j=1

(

ui − vj + 1

ui − vj

)

=
n
∏

j 6=i
j=1

(

ui − uj + 1

ui − uj − 1

)



Properties of sl(2) XXX scalar product

◮ We define the intermediate scalar products

S({u}n|{v}m) = 〈1ℓ−m+n, 2m−n|C(un) . . . C(u1)B(v1) . . . B(vm)|1ℓ〉

◮ They satisfy a set of uniquely-determining conditions. S({u}n|{v}m)

1. Is a polynomial in un of degree ℓ − 1, with zeros at un = wi for all
1 ≤ i ≤ m − n.

2. Is symmetric in the variables {wm−n+1, . . . , wℓ}.

3. Satisfies the recursion relation

S({u}n|{v}m)
∣

∣

∣

un+1=wm−n+1

=

−
ℓ
∏

i=1

(wm−n+1 − wi − 1)S({u}n−1|{v}m)

4. S({u}0|{v}m) =
∏m

i=1

∏ ℓ
j=m+1(vi − wj + 1)Z({v}m|{w}m).



Recursion procedure – sl(2) scalar product

〈1ℓ|C(um) . . . C(u1)B(v1) . . . B(vm)|1ℓ〉

vm
1 2

1 2

1 2

1 2

v1
1 2

u1
2 1

2 1

2 1

2 1

um
2 1

wℓ

1

1

1

1

1

1

1

1

1

1

1

1

1

1

w1

1

1



Recursion procedure – sl(2) scalar product

vm
1 2

1 2

1 2

1 2

v1
1 2

u1
2 1

2 1

2 1

2 1

um
2 12 2 2 2 2 2 2

wℓ

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

w1

1

2

1



Recursion procedure – sl(2) scalar product

vm
1 2

1 2

1 2

1 2

v1
1 2

u1
2 1

2 1

2 1

2 1

wℓ

1

1

1

1

1

1

1

1

1

1

1

1

1

1

w1

2

1



Recursion procedure – sl(2) scalar product

vm
1 2

1 2

1 2

1 2

v1
1 2

u1
2 1

2 1

2 1

2 12 2 2 2 2 2 1

wℓ

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

2

1

1

w1

2

2

1



Recursion procedure – sl(2) scalar product

vm
1 2

1 2

1 2

1 2

v1
1 2

u1
2 1

2 1

un
2 1

wℓ

1

1

1

1

1

1

1

1

1

1

1

1

2

1

w1

2

1

〈1ℓ−m+n, 2m−n|C(un) . . . C(u1)B(v1) . . . B(vm)|1ℓ〉



Recursion procedure – sl(2) scalar product

vm
1 2

1 2

1 2

1 2

v1
1 2

u1
2 1

2 1

un
2 2 2 2 2 2 1 1 1

wℓ

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

2

1

2

2

1

w1

2

2

1



Recursion procedure – sl(2) scalar product

vm
1 2

1 2

1 2

1 2

v1
1 2

u1
2 1

2 1

wℓ

1

1

1

1

1

1

1

1

1

1

2

1

2

1

w1

2

1



Recursion procedure – sl(2) scalar product

vm
1 2

1 2

1 2

1 2

v1
1 2

u1
2 1

2 12 2 2 2 1 1 1

wℓ

1

1

1

1

1

1

1

1

1

1

1

1

1

2

1

2

2

1

2

2

1

w1

2

2

1



Recursion procedure – sl(2) scalar product

vm
1 2

1 2

1 2

1 2

v1
1 2

u1
2 1

wℓ

1

1

1

1

1

1

1

1

2

1

2

1

2

1

w1

2

1



Recursion procedure – sl(2) scalar product

vm
1 2

1 2

1 2

1 2

v1
1 2

u1
2 12 2 2 1 1 1 1

wℓ

1

1

1

1

1

1

1

1

1

1

2

1

2

2

1

2

2

1

2

2

1

w1

2

2

1



End of recursion – sl(2) scalar product

vm
1 1 2

1 1 2

1 1 2

1 1 2

v1
1 1 2

wℓ

1

1

1

1

1

1

wm

2

1

2

1

2

1

2

1

w1

2

1

〈1ℓ−m, 2m|B(v1) . . . B(vm)|1ℓ〉



Domain wall partition function

vm
1 2

1 2

1 2

1 2

v1
1 2

wm

2

1

2

1

2

1

2

1

w1

2

1

◮ Z({v}m|{w}m) is the domain wall partition function, given by the
Izergin/Korepin formula

Z({v}m|{w}m) =

∏m
i,j=1(vi − wj + 1)(vi − wj)

∏

1≤i<j≤m(vi − vj)(wj − wi)

× det

(

1

(vi − wj + 1)(vi − wj)

)

1≤i,j≤m



Solution of conditions

◮ Define the functions

fi(w) =
1

(vi − w + 1)

m
∏

k 6=i

(vk − w)

gi(u) =
1

(vi − u)





m
∏

k 6=i

(vk − u + 1)

ℓ
∏

k=1

(u − wk + 1) −
m
∏

k 6=i

(vk − u − 1)

ℓ
∏

k=1

(u − wk)





◮ Using these construct the m × m matrix

M({u}n|{v}m) =









g1(u1) · · · g1(un) f1(wm−n) · · · f1(w1)

.

.

.
.
.
.

.

.

.
.
.
.

gm(u1) · · · gm(un) fm(wm−n) · · · fm(w1)









◮ Assuming {v1, . . . , vm} are Bethe roots, we have

S({u}n|{v}m) =

∏m
i=1

∏ ℓ
j=1(vi − wj + 1)

∏

n
i=1

∏m−n
j=1 (ui − wj + 1)

detM
∆{u}n∆{v}m∆{w}m−n



Properties of sl(3) XXX scalar product

◮ We define the first set of intermediate scalar products:

S({ν}k|{v}m, {u}n) =







〈1ℓ−m+k, 2m−n−k, 3n|t21(νk) . . . t21(ν1)|{v}m, {u}n〉

〈1ℓ−m+k, 3m−k|t31(νk) . . . t31(νm−n+1)t21(νm−n) . . . t21(ν1)|{v}m, {u}n〉

applying to the cases k ≤ m − n and k > m − n.

◮ The second set of intermediate scalar products:

S({µ}k, {ν}m|{v}m, {u}n) = 〈3n−k
, 2

m−n+k|α ⊗ 〈1ℓ|

× C
(2)

({ν}m|µk) . . . C
(2)

({ν}m|µ1)C
(1)
αm

(νm) . . . C
(1)
α1

(ν1)|{v}m, {u}n〉



Properties of sl(3) XXX scalar product

◮ Again, we have a set of uniquely-determining properties. S({ν}k|{v}m, {u}n)

1. Is a polynomial in νk of degree ℓ − 1, with zeros at νk = wi for all
1 ≤ i ≤ m − k.

2. Is symmetric in the variables {wm−k+1, . . . , wℓ}.

3. Satisfies the recursion relation

S({ν}k|{v}m, {u}n)
∣

∣

∣

νk+1=wm−k+1

=

−
ℓ
∏

i=1

(wm−k+1 − wi − 1)S({ν}k−1|{v}m, {u}n)

4.

S({ν}0|{v}m, {u}n) =

m
∏

i=1

ℓ
∏

j=m+1

(vi − wj + 1)

n
∏

i=1

ℓ
∏

j=1

(ui − wj)X({u}n, {v}m|{w}m)



Properties of sl(3) XXX scalar product

◮ Also, we find that S({µ}k, {ν}m|{v}m, {u}n)

1. Is a polynomial in µk of degree ℓ + m − 1, with zeros at

µk = wi, for all 1 ≤ i ≤ ℓ

µk = νm−n+k+j , for all 1 ≤ j ≤ n − k

2. Is symmetric in the variables {ν1, . . . , νm−n+k}.

3. Satisfies the recursion relation

S({µ}k, {ν}m|{v}m, {u}n)
∣

∣

∣

µk+1=νm−n+k+1

=

−
m
∏

i=1

(νm−n+k+1 − νi − 1)

ℓ
∏

j=1

(νm−n+k+1 − wj − 1)S({µ}k−1, {ν}m|{v}m, {u}n)

4. S({µ}0, {ν}m|{v}m, {u}n) = S({ν}m|{v}m, {u}n).



Recursion procedure – sl(3) scalar product

un
2 3

2 3

u1
2 3

B(2)(u1) . . . B(2)(un)

B
(1)
α1

(v1) . . . B
(1)
αm

(vm)

vm
1

2

1

2

1

2

1

2

v1
1

2
|1ℓ〉 ⊗ |2m〉α

wℓ

1

1

1

1

1

1

1

1

1

1

1

1

1

1

w1

1

1

〈2m|β ⊗ 〈1ℓ|

1

2

ν1

1

2

1

2

1

2

1

2

νm

C
(1)
βm

(νm) . . . C
(1)
β1

(ν1)

C(2)(µn) . . . C(2)(µ1)

µ1
3 2

3 2

µn
3 2



Recursion procedure – sl(3) scalar product

un
2 2 3

2 2 3

u1
2 2 3

vm
1

2

1

2

1

2

1

2

v1
1

2

wℓ

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

w1

1

1

1

1

2

ν1

1

2

1

2

1

2

1

2

νm

µ1
3 2

3 2

µn
3 2



Recursion procedure – sl(3) scalar product

un
2 2 3

2 2 3

u1
2 2 3

vm
1

2

1

2

1

2

1

2

v1
1

2

wℓ

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

w1

1

1

1

1

1

2

2

ν1

1

2

2

1

2

2

1

2

2

1

3

2
νm

µ1
3 2

3 2

µn
3 23 3 3 3 2 2 2 2 2 2 2 2



Recursion procedure – sl(3) scalar product

un
2 2 3

2 2 3

u1
2 2 3

vm
1

2

1

2

1

2

1

2

v1
1

2

wℓ

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

w1

1

1

1

1

2

ν1

1

2

1

2

1

2

1

3

νm

µ1
3 2

3 2



Recursion procedure – sl(3) scalar product

un
2 2 3

2 2 3

u1
2 2 3

vm
1

2

1

2

1

2

1

2

v1
1

2

wℓ

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

w1

1

1

1

1

1

2

2

ν1

1

2

2

1

2

2

1

3

2

1

3

3

νm

µ1
3 2

3 23 3 3 2 2 2 2 2 2 2 2 2



Recursion procedure – sl(3) scalar product

un
2 2 3

2 2 3

u1
2 2 3

vm
1

2

1

2

1

2

1

2

v1
1

2

wℓ

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

w1

1

1

1

1

2

ν1

1

2

1

2

1

3

1

3

νm

µ1
3 2



Recursion procedure – sl(3) scalar product

un
2 2 3

2 2 3

u1
2 2 3

vm
1

2

1

2

1

2

1

2

v1
1

2

wℓ

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

w1

1

1

1

1

1

2

2

ν1

1

2

2

1

2

3

1

3

3

1

3

3

νm

µ1
3 23 3 2 2 2 2 2 2 2 2 2 2



Recursion procedure – sl(3) scalar product

un
2 2 3

2 2 3

u1
2 2 3

vm
1

2

1

2

1

2

1

2

v1
1

2

wℓ

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

w1

1

1

1

1

2

ν1

1

2

1

3

1

3

1

3

νm



Recursion procedure – sl(3) scalar product

un
2 2 3

2 2 3

u1
2 2 3

vm
1

2

1

2

1

2

1

2

v1
1

2

wℓ

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

w1

1

1

1

ν1
2 1

νm−n
2 1

νm−n+1
3 1

3 1

νm
3 1



Recursion procedure – sl(3) scalar product

un
2 2 3

2 2 3

u1
2 2 3

vm
1

2

1

2

1

2

1

2

v1
1

2

wℓ

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

w1

1

3

1

1

ν1
2 1

νm−n
2 1

νm−n+1
3 1

3 1

νm
3 3 3 3 3 3 3 3 1



Recursion procedure – sl(3) scalar product
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Recursion procedure – sl(3) scalar product
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Recursion procedure – sl(3) scalar product

un
2 2 3

2 2 3

u1
2 2 3

vm
1

2

1

2

1

2

1

2

v1
1

2

wℓ

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

3

1

1

w1

3

1

1

ν1
2 1

νm−n
2 1

νm−n+1
3 1



Recursion procedure – sl(3) scalar product
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Recursion procedure – sl(3) scalar product
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Recursion procedure – sl(3) scalar product
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Recursion procedure – sl(3) scalar product
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Recursion procedure – sl(3) scalar product
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End of recursion – sl(3) scalar product
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sl(3) analogue of domain wall partition function
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sl(3) analogue of domain wall partition function

◮ The quantity X({u}n, {v}m|{w}m) can be expressed as a multiple integral

X
(

{u}n, {v}m

∣

∣

∣
{w}m

)

=
1

n!(m − n)!

∮

C1

dz1

2π
√
−1

· · ·
∮

Cm

dzm

2π
√
−1

∏

i6=j(zi − zj)
∏

m
i,j=1(zi − vj)

Z
(

{u}1
n

∣

∣

∣{z}1
n

)

Z
(

{z}1
n

∣

∣

∣{w}1
n

)

Z
(

{z}n+1
m

∣

∣

∣{w}n+1
m

)

n
∏

i=1

m
∏

j=n+1

(ui − zj + 1)(zi − wj + 1)(zj − wi)
(zj − zi + 1)

(zj − zi)

where C1, . . . , Cm are concentric, enclosing the poles at {v1, . . . , vm}.


