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Review of algebraic Bethe Ansatz for the si(2) and sl(3) XXX spin-chains.
A set of uniquely-determining properties of the sl(2) XXX scalar product.
Determinant solution of the preceding conditions.

A set of uniquely-determining properties of the sl(3) XXX scalar product.

A partial result towards solving these conditions.



Algebraic Bethe Ansatz for models with s/(2) symmetry

» We define a(u) =u+ 1, b(u) = u, ¢(u) =1. The R-matrix is

a(u) 0 0 0

. 0 b(u) | c(u) 0

Rap(W) = | =) Tow) 0
0 0 0 a(u) B

» The monodromy matrix is

Ta(u) =< 283 ggﬁ; )a

and satisfies the intertwining relation

Rog(u —v)Ta(u)Tg(v) = Tg(v)Ta(u)Rag(u — v)



Algebraic Bethe Ansatz for models with s/(2) symmetry

» The transfer matrix is 7 (u) = A(u) + D(u). Eigenvectors of 7 (u) are given by

[v1,...,vm) = B(v1) ... B(vm)|0)

(Vm, .., v1| = (0|C(vm) ... C(v1)

with {v1,...,vm} satisfying the Bethe equations.

» The scalar product S({u}m|{v}m) is defined as

S{ulml{vim) = (um, ..., urfor, ..., om)



Nested Bethe Ansatz for models with s/(3) symmetry

» The R-matrix is

Rop(u).

2
and we define Rg‘g (u)
> Represent the entries as follows:

b: 1+1 1%1 2+2 2
3 :




Nested Bethe Ansatz for models with s/(3) symmetry

» The monodromy matrix is

ti(u)  tiz(u)  tiz(u) (1)
T (u) = ( tor(u)  ton(u)  taa(u) ) :< Agi(U) B‘é)(u) )
t31(u) t32(uw)  t33(w) Cy7(u) Dy’(w)

where we have defined

Bél)(u) ( t12(u) t13(u) )ﬁ D(g”(u):( t22(u) t23(u; )6

t3o (u) t33 (U

» The intertwining equation is

R (u = )T ()T (0) = TSV ()T () R (u — v)



Nested Bethe Ansatz for models with s/(3) symmetry

» We also need
T (uvm, ..., v1) = DSV (W)RE), (w—vm) ... RE, (u—v1)

(At B )
“\ CO®u{v}m) D (ul{v}m) o
and

T (w1, vmle) = R, (w = 01) ... RE,, (u = vn) DV (w)

_( AP ({okmlu) B ({v}m|u) )
“\ COv}mlu) DB ({v}mlw) /),



Nested Bethe Ansatz for models with s/(3) symmetry

» The transfer matrix is 7 (u) = ¢11(u) + t22(u) + t33(u). Eigenvectors of 7 (u)
are given by

{o}m, {utn) = BE) (v1) ... BE) (0m) B® (ua|{v}m) - B® (un | {v}m)]0) ® [27) o

am

{udns {vdm] = (2™ @ (O1CP {vhmlun) ... CP ({0} u)CE) () - CL (v1)

am

with {u1,...,un} and {v1,...,vm} satisfying the nested Bethe equations.

» The scalar product S({p}n, {v}m|{v}m,{u}n) is defined as

S{udn: {v}m{v}m, {utn) = {udn, {v}m{v}m, {u}n)



Specialization to XXX model — sl(2) case

> Consider an XXX spin-chain of length ¢. The monodromy matrix becomes

Ta(u) = Rae(u —wp) ... Ra1(u — wi)

wy wiy

» The pseudo-vacuum states |0) and (0| are chosen to be

L

o=19=T1(5) @=a1=TI(1 o),

1=1 =1

» The Bethe equations for this model:

I (o) -

: v — wj L
Jj=1 v j#i
Jj=1

<’Ui—1)]'+1>
v; —v; —1



Specialization to XXX model — sl(3) case

> Consider an XXX spin-chain of length ¢. The monodromy matrix becomes

T,gl)(u) = Rill)(u —wy) ... Rflll) (u—w1)
» The pseudo-vacuum states |0) and (0| are chosen to be

4 1 [
oy=15=J] [ o = 1=][(1 0o o),
i=1\ 0/, i=1
» The two sets of Bethe equations for this model:
v; — Wy Pt} v —up — 1 Héi vi —v; —1
=

ﬁ (uifijrl) 71—7]: (uifuj'+1>
u; — vj i u; —uj — 1

j=1



Properties of sl(2) XXX scalar product

> We define the intermediate scalar products

S({u}n[{vym) = Q7" 2= Cuy) ... C(u1)B(v1) . .. B(um)[1%)

> They satisfy a set of uniquely-determining conditions. S({u}n|{v}m)

1. Is a polynomial in w,, of degree £ — 1, with zeros at w,, = w,; for all
1<i<m-—n.

2. Is symmetric in the variables {wm,—n41,...,we}.

3. Satisfies the recursion relation

S({“}n ‘{U}M)

un+l=wm _pni1

£
- H (wmfnJrl — Wi — I)S({u}nfll{v}m)

i=1

4 S({utol{v}m) = 11y TS (vi = wj + DZ({0}m [ {w}m)-



Recursion procedure — sl(2) scalar product

(14C(um) ... C(u1)B(v1) ... B(um)|1%)

1 1 1 1 1 1 1 1

1 2
Um
1 2
1 2
1 2
1 2
vl
2 1
uq
2 1
2 1
2 1
1
Um
1 1 1 1 1 1 1 1



Recursion procedure — sl(2) scalar product

1 2
Um
1 2
1 2
1 2
1 2
vl
2 1
uq
2 1
2 1
2 1
1 1 1 1 1 1 1 2
2 2 2 2 2 2 2 1
Um
1 1 1 1 1 1 1 1

wy w



Recursion procedure — sl(2) scalar product

1 2
Um

1 2

1 2

1 2

1 2
vl

2 1
uq

2 1

2 1

2 1

1 1 1 1 1 1 1 2

wy w1



Recursion procedure — sl(2) scalar product

1 2
Um

1 2

1 2

1 2

1 2
vl

2 1
uq

2 1

2 1

1 1 1 1 1 1 2 2
2 2 2 2 2 2 2 1 1
1 1 1 1 1 1 1 2

wy w1



Recursion procedure — sl(2) scalar product

1 2
Um

1 2

1 2

1 2

1 2
vl

2 1
uq

2 1

2 1
wn

1 1 1 1 1 1 2 2

wy w1

(16=m+n am=n|C(uy) ... C(u1)B(v1) ... B(vm)[1%)



Recursion procedure — sl(2) scalar product

1 2
Um

1 2

1 2

1 2

1 2
vl

2 1
uq

2 1

1 1 1 1 1 2 2 2

2 2 2 2 2 2 1 1 1

wn
1 1 1 1 1 1 2 2



Recursion procedure — sl(2) scalar product

1 2
Um

1 2

1 2

1 2

1 2
vl

2 1
uq

2 1

1 1 1 1 1 2 2 2



Recursion procedure — sl(2) scalar product

1 2
Um

1 2

1 2

1 2

1 2
vl

2 1
uq

1 1 1 1 2 2 2 2
2 2 2 2 2 1 1 1 1
1 1 1 1 1 2 2 2



Recursion procedure — sl(2) scalar product

1 2
Um

1 2

1 2

1 2

1 2
vl

2 1
uq

1 1 1 1 2 2 2 2

wy wy



Recursion procedure — sl(2) scalar product

1 2
Um

1 2

1 2

1 2

1 2
vl

1 1 1 2 2 2 2 2

2 2 2 2 1 1 1 1 1

uq
1 1 1 1 2 2 2 2



End of recursion — sl(2) scalar product

1 1 2
Um

1 1 2

1 1 2

1 1 2

1 1 2
vl

(8= 27| B(vy) . .. B(om)|1%)



Domain wall partition function

1 2
Um

1 2

1 2

1 2

1 2
vy

2 2 2 2 2

Wm wi

> Z({v}m|{w}m) is the domain wall partition function, given by the
Izergin/Korepin formula

= (i — wy + D) (v — wy)
) e — )y —wa)

1
X det( )
(vi —wj + )i =w;) ) 1<



Solution of conditions

» Define the functions

fi(“’):( Jr1)1_1(7%711)

ki

m 3
gi(u)—vl(H(vk—u-‘rl)n(u—wk-‘rl) H(vk—u—l)H(u—wk))

(vi —u) koti k=1 kti

» Using these construct the m X m matrix

gi(u1) - gi(un) | fr(wm—n) - fi(wi)
gm(ul) gm(un) fM(WM—n) fm(wl)
> Assuming {vi,..., v} are Bethe roots, we have
A ngl(vi —w; +1) det M

S{utnl{v}m) =

7, 5" (= w; + 1) Al A A{wl o



Properties of sl(3) XXX scalar product

> We define the first set of intermediate scalar products:
S{v}eH{v}lm, {u}n) =

{ (emmak gmen Tk 37ty (vk) - t21 (V1) {0} {udn)

(U™ R 3R g (k) -t (Uit 1) E21 (Vm—n) - - - t21 (V1) {0}, {u}n)

applying to the cases k < m —n and k > m —n.

» The second set of intermediate scalar products:

SHubs {vmH{v}ms {ukn) = 3"7F, 2" 7", @ (1)

x CP(whmlpk) - CP ({Whmlp)CL) () - CL) (1) [{v}m, {uln)



Properties of sl(3) XXX scalar product

> Again, we have a set of uniquely-determining properties. S({v}r|{v}m,{u}n)

1. Is a polynomial in vy of degree £ — 1, with zeros at v, = w; for all
1<i<m—k.

2. Is symmetric in the variables {wm, —k41,...,we}.

3. Satisfies the recursion relation

S {v}m, {u}n)] =

vEt1=wm k41

¢
- H (Win—k41 —wi — D)S{v}k—1[{v}m, {u}n)

i=1

S{rio{vim, {u}n) =

=

Y n ¥4
[T @i—w+ DT T i — w)X(udn (0l {whm)
j=m+1

1 i=1j=1



Properties of sl(3) XXX scalar product

> Also, we find that S({u}x, {v}m|{v}m, {u}n)

1. Is a polynomial in pj of degree £ +m — 1, with zeros at

nr = w;, foralll <i7</¢
Hr = ’/7n7n+k'+j7f0r all1<j<n-—-k

2. Is symmetric in the variables {v1,...,Vm—ntk}-

3. Satisfies the recursion relation

Snbes (hm (b, k)] =

=Vm—n+k+1

m ¢
I mngrgr —vi = D) [] Wmengrsr — wi — DSEpte—1, {vml{v}tm, {u}n)
=1

i=1

4. S{rto, AvtmH{vim, {uln) = S{rIm{v}m, {u}n).



Recursion procedure — sl(3) scalar product

14 @ |2M) 11 1 1 1 1 1 1 2 2 2 2 2
2 3
Un
B3 (uy) ... B (up) 2 3
2 3
uq
1 )
1 1
B 1) ... BE), (vm) 1 )
1 )
W 1 J
1
e 1
1 (1) (1)
/f Cgym (vm) -+ Cpy / (v1)
1
4 1
3 2
m1
3 2 @ (un) ... c@(uy)
3 2
Hn
2 12 12 12 |2 B S A U 6 R B R U B Y (2™|53 ® (1%

vy vm wy wq



Recursion procedure — sl(3) scalar product

11 1 1 1 1 1 1 2 2 2 2 2
2 2
uUn
2 2
2 2
uq
1 1 1 1 1 1 1 1
j/

R N

" J

S I P R

3 2
M1
3 2
3 2
Hn
2 12 [2 |2 |2 U G 6 T S R S R G U O

vy vm wy wq



K1

Hn

Recursion procedure — sl(3) scalar product

Un

up

vy

1

1

1

1

1

1

1

1

2

2

2

2

2

N




K1

Recursion procedure — sl(3) scalar product

11 1 1 1 1 1 1 2 2 2 2 2
2 2
Un
2 2
2 2
uy
SO G G S S U GO B
1 J
Um
1 )
1 J
1 J
1 J
vy
1
4 1
4 1
4 1
4 1
2
2
2 2l 2| 3 1 il 1
vy vm wyp wy



K1

Recursion procedure — sl(3) scalar product

Un

up

vy

1

1

1

1

1

1

1

1

2

2

2

2

2

N

N




Recursion procedure — sl(3) scalar product

11 1 1 1 1 1 1 2 2 2 2 2
2 2
Un
2 2
2 2
uy
SO G G S S U GO B
1 J
vm
1 )
1 J
1 J
1 J
vl
1
1
1
1
1
3 (( 2
M1
2‘ 2‘ 2‘ 3‘ 3‘ 1 o1l o1



Recursion procedure — sl(3) scalar product

11 1 1 1 1 1 1 2 2 2 2 2
2
un
2
2
uq
1 (1 |1 |1 (1 (1 (1 |1
J/
o J
1 1 1 1
2 2122 2
1 1 i "
Y1 Ym wp wy



Recursion procedure — sl(3) scalar product

11 1 1 1 1 1 1 2 2 2 2 2
2
Un
2 2
2 2

up

o J

( 1
1

2l 21 31 31 38 / LA L A A A A

Y1 Ym

wy w1




Recursion procedure — sl(3) scalar product

1 1 1 1 1 1 1 1 2 2 2 2 2
2 2
Un
2 2
2 2
uy

1 )
v1

2 1
vy

2 1
Ym—n

3 1
Ym—n+1

3 1

3 1
Vm




Recursion procedure — sl(3) scalar product

1 1 1 1 1 1 1 1 2 2 2 2 2
2 2
Un
2 2
2 2
uy

1 )
v1

2 1
v

2 1
Ym—n

3 1
Ym—n+1

3 1

1 1 1 1 1 1 1 3

3 3[13[3[|3[3]3]|3 1

Vm




Recursion procedure — sl(3) scalar product

1 1 1 1 1 1 1 1 2 2 2 2 2
2 2
Un
2 2
2 2
uy

1 )
v1

2 1
v

2 1
Ym—n

3 1
Ym—n+1

3 1

wy wq



Recursion procedure — sl(3) scalar product

1 1 1 1 1 1 1 1 2 2 2 2 2
2 2
Un
2 2
2 2
uy

1 )
vy

2 1
v

2 1
Ym—n

3 1
Ym—n+1




Recursion procedure — sl(3) scalar product

1 1 1 1 1 1 1 1 2 2 2 2 2
2 2
Un
2 2
2 2
uy

1 )
v1

2 1
v

2 1
Ym—n

3 1
Ym—n+1

wy w1



Recursion procedure — sl(3) scalar product

1 1 1 1 1 1 1 1 2 2 2 2 2
2 2
Un
2 2
2 2
uy

1 )
vy

2 1
v
2 1
Ym—n
1 1 1 1 1 3] 3] 3
3 3 3 3 3131 1 1
Ym—n+1




Recursion procedure — sl(3) scalar product

1 1 1 1 1 1 1 1 2 2 2 2 2
2 2
Un
2 2
2 2
uy

1 )
vy

v

Ym—mn




Recursion procedure — sl(3) scalar product

1 1 1 1 1 1 1 1 2 2 2 2 2
2 2
Un
2 2
2 2
uy

1 )
vy

vy

Ym—n




Recursion procedure — sl(3) scalar product

1 1 1 1 1 1 1 1 2 2 2 2 2
2 2
Un
2 2
2 2
uy

1 )
vy

vy




Recursion procedure — sl(3) scalar product

1 1 1 1 1 1 1 1 2 2 2 2 2
2 2
Un
2 2
2 2
uy
|1 |1 |1 |1 |1 |1 |1

1 )
vy

vy




End of recursion — si(3) scalar product

1 1 1 1 1 1 1 1 2 2 2 2
2 2
Un
2 2
2 2
uy
1|1 |1 |1 |1 |1 |1 |1

] l Y,

111 11 12 [2 13 I3 I3

wy Win, w1y




sl(3) analogue of domain wall partition function

Up,

wq

: J
v1




sl(3) analogue of domain wall partition function

> The quantity X ({u}n, {v}m|{w}m) can be expressed as a multiple integral

iz (2 — 25) 1
TR

{=3h) Z2({=3n]{whn) 2 ({3 [{whint)

m

I

- j —zi+1
H z—zj+1)(zi—wj+1)(zf_wi)%
:TL ! '
where Cq, ..

.,Cm are concentric, enclosing the poles at {v1i,...,vm}.



