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Main examples:

Spin operator in the Ising model on the square lattice

- triangular Ising lattice
- XY chain in a tranverse field
- BBS2 model

U(1) twist fields in the lattice Dirac theory

- exponential fields of the SGff model

Aim: compute finite-lattice form factors

- Ising answer is known [A.Bugrij, O.L., ’03]

- (involved) proof by separation of variables in
[G. von Gehlen, N.Iorgov, S.Pakuliak, V.Shadura, Y.Tykhyy, ’06-’08]

- (simple) free-fermionic derivation?
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Transfer matrix V = (2 sinh 2Kx )
N
2 V

1
2

y VxV
1
2

y , with

Vx = expK∗x
N−1∑
j=0

σx
j , Vy = expKy

N−1∑
j=0

σz
j σ

z
j+1

dual couplings: sinh 2Kα sinh 2K∗α = 1 (ferromagnetic region K∗x < Ky )

symmetries: translation operator T , spin flip U =
N−1∏
j=0

σx
j

periodic boundary conditions

need to find matrix elements of σz
0 in the basis of common eigenstates of V , T ,

and U

Oleg Lisovyy Form factors in free-fermion models and elliptic determinants



Transfer matrix diagonalization
Form factors

Twist fields in the Dirac model

Jordan-Wigner transformation:
For j = 0, . . . ,N − 1,

pj =

(j−1∏
k=0

σx
k

)
σz

j , qj =

(j−1∏
k=0

σx
k

)
σy

j

satisfy anticommutation relations for Clifford algebra generators:

{pj , pk} = {qj , qk} = 2δjk , {pj , qk} = 0.

One has

V = (2 sinh 2Kx )
N
2

(
1 + U

2
Va +

1− U

2
Vp

)
,

where Vν = V
1
2

y,νVxV
1
2

y,ν (ν = a, p) and

Vx = exp

{
iK∗x

N−1∑
j=0

pjqj

}
, Vy,ν = exp

{
−iKy

N−1∑
j=0

pj+1qj

}
,

with pN = −p0 (pN = p0) for ν = a (resp. ν = p). Note that [Va,p ,U] = 0.

[B.Kaufman, ’49]: The conjugation by Va,p acts linearly on the generators {pj} and
{qj} (i.e. Va,p belong to Clifford group). By Schur lemma, induced linear
transformations fix Va,p up to a scalar multiple.
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Consider discrete Fourier transforms

pθ =
1
√

N

N−1∑
j=0

e−ijθpj , qθ =
1
√

N

N−1∑
j=0

e−ijθqj .

Two sets of quasimomenta will be used:

θa =
{
π
N
, 3π

N
, . . . , 2π − π

N

}
for Va,

θp =
{

0, 2π
N
, . . . , 2π − 2π

N

}
for Vp .

Introduce creation-annihilation operators of a- and p-fermions:{
2ψ†θ = e−iθχθ p−θ − iχ−θ q−θ,

2ψθ = e iθχ−θ pθ + iχθ qθ,

where

χθ = [χ−θ]−1 =

[(
1− αe iθ

) (
1− βe−iθ

)(
1− βe iθ

) (
1− αe−iθ

)] 1
4

,

and α = tanhK∗x cothKy , β = tanhK∗x tanhKy . They satisfy canonical
anticommutation relations

{ψ†θ, ψθ′} = δθ,θ′ , {ψ†θ, ψ
†
θ′} = {ψθ, ψθ′} = 0.

Oleg Lisovyy Form factors in free-fermion models and elliptic determinants



Transfer matrix diagonalization
Form factors

Twist fields in the Dirac model

{ψ†θ}, {ψθ} transform diagonally under conjugation by Vν :

Vν

(
ψ†θ
ψθ

)
V−1
ν =

(
e−γθ 0

0 eγθ

)(
ψ†θ
ψθ

)
, θ ∈ θν

where the function γθ ≥ 0 is defined by

cosh γθ = cosh 2K∗x cosh 2Ky − sinh 2K∗x sinh 2Ky cos θ.

Taking into account that det Va,p = 1 and Tr Va,p > 0, we find that

Vν = exp

{
−
∑
θ∈θν

γθ

(
ψ†θψθ −

1

2

)}
, ν = a, p.

Fock states

|θ1, . . . , θk 〉ν = ψ†θ1
. . . ψ†θk

|vac〉ν , θ1, . . . , θk ∈ θν ,

are eigenvectors of Vν :

Vν |θ1, . . . , θk 〉ν = exp

1

2

∑
θ∈θν

γθ −
k∑

i=1

γθi

 |θ1, . . . , θk 〉ν .

Each set of eigenvectors (ν = a, p) constitutes a basis of the space of states.
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We reserve the notation ψ†θ, ψθ for the creation-annihilation operators with θ ∈ θa and

denote the corresponding operators with θ ∈ θp by ϕ†θ, ϕθ. Our task is to compute

F (l)
m,n

(
θ,θ′

)
= a〈θ1, . . . , θm|σz

l |θ
′
1, . . . , θ

′
n〉p =

= a〈vac|ψθ1
. . . ψθmσ

z
l ϕ
†
θ′1
. . . ϕ†

θ′n
|vac〉p ,

where θ1, . . . , θm ∈ θa, θ′1, . . . , θ
′
n ∈ θp .

these are the only nontrivial form factors: since σz
l anticommutes with U, its

matrix elements between the eigenstates of V of the same type vanish

periodic boundary conditions → even number of particles in each sector

it suffices to set l = 0 thanks to tranlational invariance

Conjugation by sl = σz
l acts linearly on the Clifford algebra generators {pj}, {qj} (i.e.

σz
l also belongs to the Clifford group):{

slpj s
−1
l = sgn(l − j)pj ,

slqj s
−1
l = sgn(l − 1− j)qj ,

j = 0, . . . ,N − 1,

where sgn(x) = 1 if x ≥ 0 and −1 if x < 0.
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Bogoliubov transformations

Let {ψ†j }, {ψj} be 2N fermionic creation-annihilation annihilation operators satisfying

canonical ACR. Combine them into N-dimensional column vectors ψ†, ψ (their
entries are 2N × 2N -dimensional matrices). Let σ be a unitary operator such that

σ

(
ψ†

ψ

)
σ−1 =

(
A B
C D

)(
ψ†

ψ

)
Unitarity of σ and ACR imply that B = C̄ , A = D̄ and

DCT + CDT = 0, DD† + CC† = 1

Then [Berezin, ’65]

σ = |det D|
1
2 : exp

{
−

1

2
ψ†D−1Cψ† +ψ†(D−1 − 1)ψ −

1

2
ψBD−1ψ

}
:

so that in particular 〈σ〉 def
= 〈vac|σ|vac〉 = |det D|

1
2 and

〈vac|ψjψkσ|vac〉 =〈σ〉
(
D−1C

)
jk
,

〈vac|ψjσψ
†
k |vac〉 =〈σ〉D−1

jk ,

〈vac|σψ†j ψ
†
k |vac〉 =〈σ〉

(
BD−1

)
jk
.
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Bogoliubov transformations

Let {ψ†j }, {ψj} be 2N fermionic creation-annihilation annihilation operators satisfying

canonical ACR. Combine them into N-dimensional column vectors ψ†, ψ (their
entries are 2N × 2N -dimensional matrices). Let σ be a unitary operator such that

σ

(
ϕ†

ϕ

)
σ−1

XXXXXX
σ

(
ψ†

ψ

)
σ−1 =

(
A B
C D

)(
ψ†

ψ

)
Unitarity of σ and ACR imply that B = C̄ , A = D̄ and

DCT + CDT = 0, DD† + CC† = 1

Then [Berezin, ’65]

σ =

hhhhhhhhhhhhhhhhhhhhhhhhh

|det D|
1
2 : exp

{
−

1

2
ψ†D−1Cψ† +ψ†(D−1 − 1)ψ −

1

2
ψBD−1ψ

}
:

so that in particular 〈σ〉 def
=ψ〈vac|σ|vac〉ϕ = |det D|

1
2 and

ψ〈vac|ψjψkσ|vac〉ϕ =〈σ〉
(
D−1C

)
jk
,

ψ〈vac|ψjσϕ
†
k |vac〉ϕ =〈σ〉D−1

jk ,

ψ〈vac|σϕ†j ϕ
†
k |vac〉ϕ =〈σ〉

(
BD−1

)
jk
.

[Palmer, Hystad, ’10]

Oleg Lisovyy Form factors in free-fermion models and elliptic determinants



Transfer matrix diagonalization
Form factors

Twist fields in the Dirac model

Proof:

1 |vac〉ϕ ∼ σ−1O|vac〉ψ , with O = exp
{
− 1

2
ψ†D−1Cψ†

}
. Indeed,

ϕσ−1O|vac〉ψ = σ−1
(
Cψ† + Dψ

)
O|vac〉ψ =

= σ−1O
(
Cψ† + DO−1ψO

)
|vac〉ψ =

= σ−1O
(
Cψ† + D

(
−D−1Cψ† +ψ

))
|vac〉ψ = 0.

2 One has

ψ〈vac|ψi1 . . . ψimσϕ
†
j1
. . . ϕ†jnσ

−1O|vac〉ψ =

=ψ 〈vac|ψi1 . . . ψim (Aψ† + Bψ)j1 . . . (Aψ
† + Bψ)jnO|vac〉ψ =

=ψ 〈vac|(−D−1Cψ† +ψ)i1 . . . (−D−1Cψ† +ψ)im×

×(D−Tψ† + Bψ)j1 . . . (D
−Tψ† + Bψ)jn |vac〉ψ

3 Wick theorem → Pfaffian of pairings
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Multiparticle Ising spin form factors are given by

F (l)
m,n

(
θ,θ′

)
= |det D|

1
2 · Pf R,

where matrix elements of the (m + n)× (m + n) matrix R =

(
Rθ×θ Rθ×θ′
Rθ′×θ Rθ′×θ′

)
are defined as

(Rθ×θ)jk =
(
D−1C

)
θj ,θk

, j , k = 1, . . . ,m,(
Rθ×θ′

)
jk

= −
(
Rθ′×θ

)
kj

= D−1
θj ,θ
′
k
, j = 1, . . . ,m, k = 1, . . . , n,(

Rθ′×θ′
)
jk

=
(
BD−1

)
θ′j ,θ
′
k
, j , k = 1, . . . , n.

Explicit form of the linear transformation induced by spin conjugation:

Āθ,θ′ = Dθ,θ′ =
e−i(l− 1

2
)(θ−θ′)

iN

χ−θχθ′ + χθχ−θ′

2 sin θ′−θ
2

,

B̄θ,θ′ = Cθ,θ′ =
e−i(l− 1

2
)(θ+θ′)

iN

χθχθ′ − χ−θχ−θ′
2 sin θ′+θ

2

,

where θ ∈ θp , θ′ ∈ θa and

χθ = [χ−θ]−1 =

[(
1− αe iθ

) (
1− βe−iθ

)(
1− βe iθ

) (
1− αe−iθ

)] 1
4

.
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Elliptic parametrization of the Ising spectral curve:

The dispersion relation

cosh γθ = cosh 2K∗x cosh 2Ky − sinh 2K∗x sinh 2Ky cos θ

can be rewritten in terms of z = e iθ, λ = eγθ as

sinh 2Kx
λ+ λ−1

2
+ sinh 2Ky

z + z−1

2
= cosh 2Kx cosh 2Ky .

Uniformization of the curve is given by the elliptic functions of modulus
k = sinh 2K∗x / sinh 2Ky :

z(u) =
sn (u + iη)

sn (u − iη)
,

λ(u) = [k sn (u + iη) sn (u − iη)]−1 .

The real parameter η is determined by sinh 2Kx = i sn 2iη.

These formulas bijectively map the real interval Cu = {u |Re u ∈ [−K ,K), Im u = 0}
to Cθ =

{
(z, λ) = (e iθ, eγθ )| θ ∈ [0, 2π)

}
. The inverse image of the point

(e iθ, eγθ ) ∈ Cθ in Cu will be denoted by uθ.
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In the elliptic parametrization

χ−θχθ′ + χθχ−θ′

2 sin θ′−θ
2

=
sinh 2Ky√

sinh γθ sinh γθ′

dn (uθ − uθ′ )

sn (uθ − uθ′ )
,

χθχθ′ − χ−θχ−θ′
2 sin θ′+θ

2

=
−i sinh 2K∗x√
sinh γθ sinh γθ′

cn (uθ − uθ′ ) .

Thus the nontrivial part of the matrix of induced rotation can be encoded into two
matrices

Φθ,θ′ =
dn (uθ − uθ′ )

sn (uθ − uθ′ )
, Ψθ,θ′ = cn (uθ − uθ′ ) , θ ∈ θp , θ′ ∈ θa.

VEV: det D  det Φ

2-particle form factors: BD−1  ΨΦ−1, D−1  Φ−1, D−1C  Φ−1Ψ

det Φ, Φ−1 can be found using Frobenius determinant

the products ΨΦ−1, Φ−1Ψ can be computed using a theta functional analog of
the Lagrange interpolation identity

Oleg Lisovyy Form factors in free-fermion models and elliptic determinants



Transfer matrix diagonalization
Form factors

Twist fields in the Dirac model

Cauchy determinant:
Let x1, . . . , xN , y1, . . . , yN be 2N indeterminates. The determinant of the Cauchy

matrix Vij =
1

xi − yj
is given by

det V =

∏N
i<j (xi − xj )(yj − yi )∏N

i,j (xi − yj )

Frobenius determinant:
Let x1, . . . , xN , y1, . . . , yN be 2N indeterminates and α ∈ C. The determinant of the

elliptic Cauchy matrix Ṽij =
ϑ1(xi − yj + α)

ϑ1(xi − yj )ϑ1(α)
is given by

det Ṽ =
ϑ1

(∑N
i xi −

∑N
i yi + α

)
ϑ1(α)

∏N
i<j ϑ1(xi − xj )ϑ1(yj − yi )∏N

i,j ϑ1(xi − yj )

N.B. Cofactors of Ṽ have the same form, hence the inverse Ṽ−1 can be easily
computed:

Ṽ−1
mn = −

ϑ1

(∑N
i 6=n xi −

∑N
i 6=m yi + α

)
ϑ1

(∑N
i xi −

∑N
i yi + α

)
ϑ1 (xn − ym)

∏N
i ϑ1 (xn − yi )

∏N
i ϑ1 (ym − xi )∏N

i 6=n ϑ1 (xn − xi )
∏N

i 6=m ϑ1 (ym − yi )
.
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Theta functions are related to the Jacobi elliptic functions by

sn u =
ϑ3

ϑ2

ϑ1(ϑ−2
3 u)

ϑ4(ϑ−2
3 u)

, cn u =
ϑ4

ϑ2

ϑ2(ϑ−2
3 u)

ϑ4(ϑ−2
3 u)

, dn u =
ϑ4

ϑ3

ϑ3(ϑ−2
3 u)

ϑ4(ϑ−2
3 u)

,

where ϑi = ϑi (0), i = 2, 3, 4. Elliptic modulus and half-periods are k = ϑ2
2/ϑ

2
3,

2K = πϑ2
3, 2iK ′ = πτϑ2

3.
The functions ϑ2,3,4(z) can be obtained from ϑ1(z) by shifting its argument,

ϑ2(z) = ϑ1

(
z +

π

2

)
, ϑ4(z) = ie−i(z−πτ

4 )ϑ1

(
z −

πτ

2

)
,

ϑ3(z) = e−i(z−πτ
4 )ϑ1

(
z +

π

2
−
πτ

2

)
.

Therefore one can deduce from Frobenius formula the determinants and inverses for a
number of matrices with entries written in terms of the Jacobi elliptic functions.
Example (Determinant and inverse of Φ)

Let Φ denote a matrix with elements Φij =
dn(ui − vj )

sn(ui − vj )
with i , j = 1, . . . ,N. Then

det Φ =

(
ϑ2ϑ4

ϑ3

)N ϑ3

(∑N
i xi −

∑N
i yi

)
ϑ3

∏N
i<j ϑ1(xi − xj )ϑ1(yj − yi )∏N

i,j ϑ1(xi − yj )
,

Φ−1
mn =

ϑ3

ϑ2ϑ4

ϑ3

(∑N
i 6=n xi −

∑N
i 6=m yi

)
ϑ3

(∑N
i xi −

∑N
i yi

)
ϑ1 (ym − xn)

∏N
i ϑ1 (xn − yi )

∏N
i ϑ1 (ym − xi )∏N

i 6=n ϑ1 (xn − xi )
∏N

i 6=m ϑ1 (ym − yi )
,

where xi = ϑ−2
3 ui , yi = ϑ−2

3 vi .
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Theta functional interpolation:

Let z1, . . . , zM , z ′1, . . . , z
′
M , be complex variables. Identity

M∑
i

∏M
j (zi − z ′j )∏M
j 6=i (zi − zj )

=
M∑
i

zi −
M∑
i

z ′i ,

follows from the Lagrange interpolation formula. It has an elliptic analog
[Whittaker-Watson]:

If {zi}, {z ′i } satisfy the balancing condition
M∑
i

zi −
M∑
i

z ′i = 0, then

M∑
i

∏M
j ϑ1(zi − z ′j )∏M
j 6=i ϑ1(zi − zj )

= 0.

Example (matrix products Φ−1Ψ and ΨΦ−1)

Let Φij =
dn(ui − vj )

sn(ui − vj )
, Ψij = cn(ui − vj ) with i , j = 1, . . . ,N. Then

(
ΨΦ−1

)
ln

=
ϑ2

3

ϑ2
2

ϑ2

(
xl − xn +

∑N
i xi −

∑N
i yi

)
ϑ3

(∑N
i xi −

∑N
i yi

) N∏
i

ϑ1 (xn − yi )

ϑ4 (xl − yi )

N∏
i 6=n

ϑ4 (xl − xi )

ϑ1 (xn − xi )
,

(
Φ−1Ψ

)
ml

=
ϑ2

3

ϑ2
2

ϑ2

(
ym − yl +

∑N
i xi −

∑N
i yi

)
ϑ3

(∑N
i xi −

∑N
i yi

) N∏
i

ϑ1 (xi − ym)

ϑ4 (xi − yl )

N∏
i 6=m

ϑ4 (yi − yl )

ϑ1 (yi − ym)
.
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Back to trigonometric parametrization:

From the factorized expressions for det Φ, Φ−1, ΨΦ−1, Φ−1Ψ we get

a〈vac|sl |vac〉p =
[(

1− k2
) ∏
θ∈θp

eηθ
∏
θ∈θa

e−ηθ

] 1
8
,

a〈θ|sl |θ′〉p
a〈vac|sl |vac〉p

= ie−i(l− 1
2

)(θ−θ′) e(ηθ−ηθ′ )/2

N
√

sinh γθ sinh γθ′

sinh
γθ+γθ′

2

sin θ−θ′
2

,

a〈θ, θ′|sl |vac〉p
a〈vac|sl |vac〉p

= − ie−i(l− 1
2

)(θ+θ′) sinh 2Ky

sinh 2Kx

e(ηθ+ηθ′ )/2

N
√

sinh γθ sinh γθ′

sin θ−θ′
2

sinh
γθ+γθ′

2

,

a〈vac|sl |θ, θ′〉p
a〈vac|sl |vac〉p

= − ie i(l− 1
2

)(θ+θ′) sinh 2Ky

sinh 2Kx

e−(ηθ+ηθ′ )/2

N
√

sinh γθ sinh γθ′

sin θ−θ′
2

sinh
γθ+γθ′

2

,

where eηθ =

∏
θ′∈θa

sinh
γθ+γθ′

2∏
θ′∈θp

sinh
γθ+γθ′

2

.

N.B. One has

√
k sn(uθ − uθ′ ) =

[√
k sn(uθ − uθ′ ± iK ′)

]−1
=

(
sinh 2Ky

sinh 2Kx

) 1
2 sin θ−θ′

2

sinh
γθ+γθ′

2

.
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Multiparticle form factors:
From elliptic pfaffian identity

Pf
(√

k sn(zi − zj )
)

=
∏
i<j

√
k sn(zi − zj )

we find

a〈θ1, . . . , θm|sl |θ′1, . . . , θ′n〉p
a〈vac|sl |vac〉p

= i2mn−m+n
2

m∏
j=1

e
−i(l− 1

2
)θj +ηθj

/2√
N sinh γθj

n∏
j=1

e
i(l− 1

2
)θ′j−ηθ′

j
/2√

N sinh γθ′j

×

×
(

sinh 2Ky

sinh 2Kx

) (m−n)2

4 ∏
1≤i<j≤m

sin
θi−θj

2

sinh
γθi

+γθj

2

∏
1≤i<j≤n

sin
θ′i−θ

′
j

2

sinh
γθ′

i
+γθ′

j

2

∏
1≤i≤m
1≤j≤n

sinh
γθi

+γθ′
j

2

sin
θi−θ′j

2

.
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Lattice Dirac action S[ψ, ψ̄] = ψ̄Dψ with

D =
1

c∗x

(
c∗x sy − s∗x cy∇y −cy + c∗x∇x

cy − c∗x∇−x c∗x sy − s∗x cy∇−y

)

boundary conditions{
ψx+M,y = −ψx,y ,

ψ̄x+M,y = −ψ̄x,y ,

{
ψx,y+N = e2πiαψx,y ,

ψ̄x,y+N = e−2πiαψ̄x,y .

parameters ci = coshKi , c∗i = coshKi , si = sinhKi , s∗i = sinhK∗i (i = x , y)
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δSAB = δSA + δSB + δSb.c. with

δSA = 2i sinπν

y−1∑
y′′=0

(
e iπν ψ̄1

x−1,y′′ψ
2
x,y′′ + e−iπν ψ̄2

x,y′′ψ
1
x−1,y′′

)

δSb.c.  change of boundary conditions from α- to α′-periodic (α′ = α+ ν)

two-point function of U(1) twist fields〈
Oα,α′ (A)Oα′,α(B)

〉
=

∫
DψDψ̄ eS[ψ,ψ̄]+δSAB∫
DψDψ̄ eS[ψ,ψ̄]

.

in the heuristic continuum limit, O(A) corresponds to integrating over field
configurations with counterclockwise monodromy e2πiν of ψ around A
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Canonical formalism

4N fermionic creation-annihilation operators {ay}, {a†y}, {by}, {b†y}
(y = 0, . . . ,N − 1)

transition can be carried out using coherent states

α-periodic transfer matrix

Vα = : exp

N−1∑
y=0

{
b†y (sy −

cy

cx
∇−y )a†y + (

cy

c∗x
− 1)

(
a†yay + b†y by

)
+ ay (sy −

cy

cx
∇y )by

}
:

where

(
a†y+N

by+N

)
= e2πiα

(
a†y
by

)
,

(
ay+N

b†y+N

)
= e−2πiα

(
ay

b†y

)
.

operator of translations

Tα = : exp

N−1∑
y=0

(
a†yay+1 − a†yay + b†y by+1 − b†y by

)
:

U(1) charge Q =
N−1∑
y=0

(
a†yay − b†y by

)
twist field

Oα,α′ (y∗) = T−y
α T y

α′ = exp 2πiν

y−1∑
y′=0

(
−a†

y′ay′ + b†
y′by′

)
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VEV and 2-particle form factors:

α〈vac|Oα,α′ (0∗)|vac〉α′ =
ϑ3(Xα′ − Xα)

ϑ3

[ ∏
θ∈θα

e−ηθ
∏
θ∈θα′

eηθ

] 1
4

,

±
α 〈θ|Oα,α′ (0∗)|θ′〉±

α′

α〈vac|Oα,α′ (0∗)|vac〉α′
= − e±i(θ′−θ−2πν)/2×

×
sy sinπν e(ηθ−ηθ′ )/2

N
√

sinh γθ sinh γθ′

ϑ2ϑ4

ϑ3

ϑ3(Xα′ − Xα + xθ − xθ′ )

ϑ3(Xα′ − Xα)ϑ1(xθ − xθ′ )
,

+−
α 〈θ, θ′|Oα,α′ (0∗)|vac〉α′
α〈vac|Oα,α′ (0∗)|vac〉α′

= − e i(θ′−θ)/2×

×
isy sinπν e(ηθ+ηθ′ )/2

N
√

sinh γθ sinh γθ′

ϑ2ϑ4

ϑ3

ϑ2(Xα′ − Xα + xθ + xθ′ )

ϑ3(Xα′ − Xα)ϑ4(xθ + xθ′ )
,

with Xα =
∑
θ∈θα

xθ and

ηθ = 2 ln

∏
θ′∈θα′

ϑ4(xθ′ )
∏
θ′∈θα

ϑ4(xθ + xθ′ )∏
θ′∈θα

ϑ4(xθ′ )
∏
θ′∈θα′

ϑ4(xθ + xθ′ )
− ln

∏
θ′∈θα′

sinh γπ+γθ
2∏

θ′∈θα
sinh γπ+γθ

2

In the thermodynamic limit ηθ → 0, Xα′ − Xα → πν so that e.g.

〈Oν〉 =
ϑ3(πν|τ)

ϑ3(0|τ)
⇒ scaling dimension ν2 for |ν| ≤

1

2
.
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Scaling limit:
Gap in the energy spectrum closes as k → 1 (τ → i0).

Set ε = 1−k2

2cy
, then in the scaling limit

ε→ 0, θ → ε sinh ξ, γθ → εsy cosh ξ

Scaled normalized 2-particle form factors:

Fν(ξ; |ξ′; ) = lim
ε→0

ε
+〈ε sinh ξ|Oν |ε sinh ξ′〉+

〈vac|Oν |vac〉
,

Fν(ξ; ξ′|; ) = lim
ε→0

ε
+−〈ε sinh ξ,−ε sinh ξ′|Oν |vac〉

〈vac|Oν |vac〉
.

modular transformation τ → − 1
τ

triple product formula with q → 0

reproduce form factors of the exponential fields in the SGff-theory:

Fν(ξ; |ξ′; ) =
sinπν

√
cosh ξ cosh ξ′

eν(ξ′−ξ−iπ)

sinh ξ′−ξ
2

,

Fν(ξ; ξ′|; ) =
sinπν

√
cosh ξ cosh ξ′

ieν(ξ′−ξ)

cosh ξ′−ξ
2

.
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Summary

Factorized expressions for finite-lattice VEVs and form factors of Ising spin
and U(1) twist fields in the Dirac theory have been derived using:

generalized Bogoliubov transformations

Frobenius determinant and theta functional interpolation

THANK YOU FOR YOUR ATTENTION !
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