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1 Integrable spin-s XXZ Hamiltonians

Spin-1/2 case:
The Hamiltonian of the XXZ spin chain under the periodic boundary conditions (P.B.C.)
is given by

L
Hxxz :Z 0’ Uj+1—|—0 U |+ Ao JJ+1). (1)

Here 0f (a = X, Y, Z) are the Pauli matrices defined on the jth site and A denotes the
anisotropy of the exchange coupling. The P.B.C. are given by 07, = of fora = XY, Z.
Here we define
A=(g+q)/2, (q=expn).
|A| > 1 : massive regime
|A| < 1: massless regime (CFT with ¢ = 1).



The integrable spin-1 XXZ Hamiltonian

The spin-1 XX7 Hamiltonian under the P.B.C. is given by the following:

Hspin—lXXZ
Ny 1
= I {8 S = (8- S = Sla— a7 VIS S5 — (57570 +2(S5)
j=1

—(q + C]_l - 2)[( j y+1 + S?S?ﬂ) gz i1t Sz y+1< j y+1 + S?S]yH)} (2)

In the massless regime we assume ¢ = expi¢ with 0 < { < 7/2s. (n = i()
In the massive regime ¢ = exp ¢ with ¢ > 0.

In the massless regime, the ground state of the integrable spin-s XXZ spin chain corre-
sponds to the criticality described by the SU(2) WZW model with level 2s.

We set L = 2sN,. We often denote 2s by £. (¢ are integers. )



Spin-s XXZ7Z Hamiltonian expressed with the ¢-Clebsch-Gordan coeffi-

cilants

S d S, 48
H\2) —logtgé__’,?vz()\)

23 23
T du ’L Z—i—l

where t%s?\z)(A) denotes the transfer matrix of the integrable spin-s XXZ chain. Here, the

elements of the R-matrix for V(I1) ® V (l3) are given by (cf. [T.D. and K. Motegi])
Rl a1) ® |ly, az) = Z R 1y, by) @ |la, by),

u=0

A=0, =0

b1,b2
min(lq,l9)
bell 222 _6CL1+CL2 bﬁ—ng(ll) CL1 lQ, CL2 Z N ll —+ l2 — 2j, a1 + a,2>_1
7=0
X p ZQ ll l1—|—lg—2] ll 12 ll+lg—2j
l1+1o—2j
e bi by ai+as a; ay ai+a




2 Algebraic Bethe ansatz

We define the and the monodromy matrix 7g12...(A; {w;}) by
(1 0 0 0)
0 b(u) c(u) 0
0 c(u) b(u) 0
\0 0 0 1 ) o
To12-.( A {w;}) = Ror( A\, wr)Ror—1(A\, wr—1) - - - Roa(\, wa) Ro1 (A, wy) -

Here u = A1 — X9, b(u) = sinh u/ sinh(u+n) and ¢(u) = sinh i/ sinh(u+n) with ¢ = expn.

The operator-valued matrix elements of give the “creation and annihilation operators”

Tyio (s {0 }) = <A<“> B <“)> |
0

Ria(A1, \o) =

Clu) D(u)

The transfer matrix, t(u), is given by the trace of the monodromy matrix with respect to
the Oth space:

t(u; wy, ... ,wL) = trg (T0,12---L(U5 {w]}))
= A(w;{w;}) + D(u; {w;}). (3)



3 Fusion method

First trick:

Applying the R-matrix R" in homogeneous grading to the fusion con-

struction
Through a similarity transformation we transform R to R™

(1 0 0 0)
0 blu) ¢ (u) 0

Rialw) = 0 c¢(u) b(u) 0 ' &)

(
\0 0 0 1)[172]

c*(u) = e sinhn/sinh(u +n) b(u) = sinhu/ sinh(u + 7)

The R™ gives the intertwiner of the affine quantum group Uq<gl\2> in the homogeneous

erading of evaluation representations:
Riy(u) (A(a));, = (70 Ala))yp Biy(u)  a € Uy(sly)

where 7 denotes the permutation operator: 7(a ® b) = b ® a for a,b € U,(slz), and
(Ala))yp = m @ T (Ala)).



Gauge transformation

We define the gauge transformation xis...;, by

X12..1 = P1(wy)Po(ws) - - - Pr(wy) . (5)

Here
S (w) = diag(1, exp(w))

and w; denote the inhomogeneity parameters of the spin-1/2 transfer matrix of the XX%

spin chain for y =1,2,..., L.



Projection operators and the fusion constrution

We define permutation operator 1115 by
v ® vy =12 @ vy,

and then define R by
RE(U) = 112 Ry

We define spin-1 projection operator by
2 ~
Pl = Riy(u=1)
We define spin — £/2 projection operator recursively as follows.

14 (—1) f /—1
P1(2-)--e — 1(2--~£)—1RZ—1,€((€ - 1)77)P1(2---e)—1 ;



We define monodromy matrix 7T; 51’23)()\0; 1, ..., &n,) acting on the tensor product
VO @ (V) ® - @ VEI(Ey,)) as follows.

1,2s , o (2s 25 2s
TO( )<>‘07 STRES 7£N5> 12 )L RO 12-- L(on w§ )7 v ,’LUE—/ )> ' PI(Q)L ' <1O)
Here inhomogenous parameters w; are given by complete 2s-strings

25
w§3]>91_|_k fp ( )77 (p:1727'°'7N85k:17”'728')

More precisely, we shall put them as almost complete 2s-strings

wor =6 —(k—1n+er (p=12.. Nok=1.2s)

We express the matrix elements of the monodromy matrix as follows.

ARG N,) BN {&Tw,)
CEINA{&IN) D®(X{&tw,) )

s 25 25 25
AP A& n) = PO AD(x: {U{; Vo) - PR,

TO(1122$N (>‘ {fk}Ns> (
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Figure 1: Matrix element of the monodromy matrix (7 C(f;s) or o
Here quantum spaces Vj(%) (&) are (2s + 1)-dimensional ( ),
Variables a; and b; take values 0,1,...,2s
while the auxiliary space VO(Z)()\O) is (¢ + 1)-dimensional ( ) . variables ¢; take values 0,1,..., 7.
L =2sN,
Spin-1/2 chain of L-sites with inhomogeneous parameters wy, ..., wr,

while the spin-s chain of N sites with &,...,¢n,.

We now define To(é’ 28)()\0; &1, ..., &n,) acting on
the tensor product Vo(f)()\o) ® (VE(&G) @@ V(&) as follows.

l,2s 14 1,2s 1,2s
Té, 12")'N3 = P T(1,12-)-~N3<)‘a1>T(2,12.)..N5<)‘a1 —n)- -

aijag---ay —a a

1,2s
T(g, 12-)--]\73()‘@1 — (£ —=1)n) P

a ajag---ay *



4 Qunatum groups

The quantum algebra U, (sls) is an associative algebra over C generated by X, K= with

the following relations:

KK ' =KK'=1, KX*K!=¢"XxX*,

K- K1
(X, X7 = — - (12)
q—4q

The algebra U,(sly) is also a Hopf algebra over C with comultiplication

)

AXN) =X"T@1+KoX™, AX)=X K '+1X",
AK) = KoK, (13)

and antipode: S(K) = K71, S(X") = —K'XT ,S5(X7) = —X K, and coproduct:
e(XF)=0and ¢(K) = 1.



n], = (¢"—q¢ ") /(q—q'): the g-integer of an integer n.

[n],!: the g¢-factorial for an integer n.

n)gt = [nlyn — 1], - [1,. (14)

For integers m > n > 0, the ¢g-binomial coefficient is defined by

[m] _ [m]Q' . <15>

n
We define ||¢,0) for n =0,1,...,¢ by
1£,0) =101 @[0)2 @ --- @ [0)e . (16)

Here |a); for a = 0,1 denote the basis vectors of the spin-1/2 rep. We define ||¢, n) for

n > 1 and evaluate them as follows .

n 1
le.m) = (AD))160)
nq!
_ Z o .. U-_‘O> qi1+i2+---+in—n€+n(n—1)/2 . <17>
11 in

1<ty << <l



We have conjugate vectors (£, n|| explicitly as folllows.

—1
l —n 11+ +ip—nl+n(n—
<€,n[n] A S (01 e A P O 1)

q 1<ig<-<in <l

Here the normalization conditions: (¢, n||||¢,n) = 1.

We can show

14
PY = ", n){e,n]|. (19)
n=0

Spin-//2 elementary operators

We shall define spin-s elementary operators by

EX 0 =1e,4)(¢, 5],



5 Reduction formula for the spin-s XXZ form factors

1£,0) =10); ® - - - ® |0), we have the following;

[1€,00{6,0]] = 101 @ ---@[0)r (Oh ®--- @ (0

= 1001 (0 ® -~ @ |0)¢ Ol

0,0 0,0
p— 61 ...66 .

We have
10
0)2(0s = (1,07 (1,0) = (O O) — 00,

We consider spin-1/2 elementary operators e+ for e.e=0,1, as follows.

o (0L e (00) (00
00 10 01

(20)

(21)



For a given sequence, ay, ag, . .., ay, we denote it by (a;)x, briefly; i.e., we have

(a;)n = (a1, a9,...,an). (22)

For (&, )¢ and (£4), consisting of only two values 0 or 1, we consider the following product:
ty /

H e " =e" eg . (23)
k=1

We define a set a™ by the set of integers k£ satisfying 5’k =1for1 < k </ and a set
o by the set of integers k satisfying e, = 0 for 1 < k </, respectively:

a ({e.}) ={oe,=1(1<a <0}, a'({es})={Bies=001<B<O}. (24)
Let us denote by Xy the set of integers 1,2, ..., ¢;

—{1,2,...,0}.

we express the product of elementary operators given by (23) as

l
1] o _ 1] . llcoycol ] o (25)
k=1

acQL™ ey, \Ox"

In terms of sets o™



We express the elements of ™ as a(k) for k = 1,2, ..., and those of ¥, \ a™ as b(k)
for Kk =1,2,...,7, respectively.

o ={a(1),a(2),...,a(@)}, X\ at ={b1),b(2),... b}, (26)

/

Suppose that we have a sequence (e, ), such that €, = 0 or 1 for all integers a with
1 < a < /£ and the number of integers a satistying 5; =1 (1 < a < /) is given by i.
Then, we denote €, by €, (i) for each integer a and the sequence (¢,,); by (e, (7))e.

/

Sequences (g,(7))¢ and (e3(j))¢ are related to integers a(l) < a(2) < --- < a(i) and
b(1) < b(2) < --- < b(j), respectively, by

e1(7),€1(4) go(i),e0(J) 1,0 1,0 0,0 0,0 0,1 0,1
611 1 .. 656 ¢ — ea(l) .o 6a(i) 61 ... 66 eb(l) .. eb(j) : (27)
c

[Te" Y = T ox ll6.0) ol T of (28)

k=1 acO™ beX,\ot



We define spin-£/2 elementary operators associated with grading w by
BRI =11 0L, ]|
We have

/ /

: : I, Ay E1(2),e1(y e,)(1),e0(J)
150 = D0 D7 gilenli, eali)e g (29)
(el (i) (€5(7))e

Here the sum is taken over all two sequences (e,,(7))¢ and (£5(5))r.

Lemma 1. Let o~ be a set of distinct integers {a(1),...,a(?)} satisfying 1 < a(1) <
... <a(i) < ¥, we have the following:

—1
. — — —(a ~4al(r))+ l —1(2—
<g7zHga(1)...ga(i)||g’0>q (a()4+a(i))+i _ [ ] g i=0/2 (30)

which is independent of the set a= = {a(1),a(2),...,a(i)}.



Proposition 1. For every pair of integers i and j with 1 < i,5 < { the spin-£/2
elementary operator associated with grading w, Ey’ ww), 18 decomposed into a sum

of products of the spin-1/2 elementary operators as follows.

1

~1
[ 5 ] qi(z'—l)/2—j(j—1)/26—(2'—3')51
L7y

P T OO
(e5(4))e

/

Here, we fiz a sequence (€,(i)), . Furthermore, the expression (31) does not depend

on the order of 5;(z) s with respect to as.



Quantum inverse-scattering problem

Let us recall the formula of the quantum inverse-scattering problem (QISP) for the
spin-1/2 XXZ spin chain (Kitanine et al, 1999)

T, = H (A(lw) + D(lw)) (wy,) - tro (xoTé}fg,)_,L(wn)) : H (A(lw) + D(lw)>_1 (wy,) -
k=1 k=1
(32)
Here we assume that inhomogeneity parameters w; are given by generic values so that the
transfer matrices (A(lw) -+ D(lw)) (wy,) are regular for k =1,2,...,n.

Making use of the QISP formula (32) we have the following expressions for b = 1,2, ..., Ny

, , (b—1)
€41, E€p,€ 1w 1w
eeéb—l1)+1"'€£fb—g1)+£: H (A( )(wk)+D( )(wk))
k=1
17 »
1w 1w w w
<L gy ayi) - T (i) [T (AT (i) + D)) . (39
o o k=1

Here we have denoted by Ty, s(A) the (a, 8) element of the monodromy matrix T'(\).



“Quantum inverse-scattering problem” for the spin-//2 operators

Eij(m) _ Ni(,? o (i=0)A1d(wp) Pl(é)g «

14
—1
T . ./ ( pw ) -l
X X120 (z(:)) 61(j),81(i)<w1) 5€ H ‘I' ( k:) X19...¢
es(d))e

k=1

Here, we fix a sequence (,(1))y.

Problem: Non-regularity of the transfer matrix

Putting A = w?) = &1 we have

( 1 0 0 o\
| | 0L L2
AR e + o ey = | B B (34)
2, 7,
o0 0,

We thus show that the transfer matrix is non-regular at A = wy;”’ = &;:

det (A0 (€) + D0 (€) =0 (35



A “solution” to the spin-s QISP through continuity assumption of solu-

tions of the Bethe-ansatz equations

Let us now assume that the Bethe roots {As(€)}as approach the Bethe roots { Az}
continuously in the limit of sending € to 0. It follows that each entry of the Bethe-ansatz
eigenstate of the Bethe roots {As(€)}as is continuous with respect to e. For a set of

arbitrary parameters {u}n we therefore have

/

O‘Hcﬁpo ,LLa . 5151 5656 HBﬁpO

/

:hm O|HC€pe Ua . 8181 5€5f HBEpe |O> (36)

e—0



Solution to the spin-s QISP for the matrix elements (form factors)

We have the following expressions forb=1,2,..., Ny

sl ,E 5 £ w; ) w; e l:e
66(117—11)+1' g . H (AE ))JFD(E (w /E; )>)
(Cwse), (Le) (Cwse), (Le) & (te) GO
wj € ;€ w; € ; € Cw;e ;€ Cw;e ;€
><T€1’€,1 (wf(b—l)%—l)'”ng’E’g (wé(b—1)+£)H (A( Ny, ) + D (wy >) :
k=1

For instance in the case of b = 1, we have

/

O‘Hcfpe ,Ua ) 5151 . 5556 Hpre |O>

€ K € le Cp;e le
= de({As}; {w} O\Hcﬁp (1a) - TP i) - T (1)

51 51 €0,€p
M
< 11 B9 (xs(e))]0) -
p=1
(37)



Proposition 2. Let {ui}n be a set of arbitrary parameters and { .}y a solution of
the spin-€/2 Bethe-ansatz equations. We denote by {\.(€)}ar a solution of the Bethe-
ansatz equations for the spin-1/2 XXZ chain whose inhomqgeneity pammetem w; are
given by the Ny pieces of the almost complete £-strings: w; = w for 1<j<L.

We assume that the set {\.(€)}r approaches { .} contmuously when we send €
to zero. For the Bethe states ({ur}n| and |[{\o}ar), which are off-shell and on-
shell, respec/tz'vely, we evaluate the matrixz elements of a given product of elementary

€1,€1 €p,Ep
operators e;" ---e," as follows.

0|Hcfp0ua WHBM (A)|0) = de({As}; {1}

B=1

M
><hm0|HCfp€ua T i) T H B 9I(As(e))]0),

e—0 £1,€1 8g 5€
(38)

where Gn({A}) has been defined by dn({A}: fus}) = T2 T B — wy) with
b(u) = sinh(u)/ sinh(u + ).



General spin-//2 elementary operators
In the spin-¢/2 representation constructed in the £th tensor product space (VI)®! we
define the general spin-s elementary operators associated with principal grading, B (tp),
by |
ERIEP) = ||, Z><€,j“%, for 4,7 =0,1,...,¢. (39)
Then, through the spin-£/2 gauge transformation we define the general spin-s elementary

operators associated with homogeneous grading by

~ / ~ ) ~1

BRI = X(12)...NS EI D) (X§2)...NS) : (40)
We explicitly have

ERIEH) = 16,4) (¢, 4], %e(i_j>(5_(f_l)”/2), fori,j=0,1,...,¢. (41)
g(z
Here we recall that the quantity & — (£ — 1)n/2 corresponds to the string center of the
(-string: £,& —n,...,. & — (L —1)n.



We define the general spin-¢/2 elementary operators associated with principal grading

acting in the tenor product space Vl(f) & .- V(i) by

Ep ) = (fOy2th=1) @ BRI R @ (TOEWs—k)  for g =0,1,..., 0. (42)

Similarly we define that of homogeneous grading, E I for z 1 =0,1,...,¢
Let us introduce the normalization factor N; VO i by Ni(’ J) N; g( )/g(7). We have

s _ 9l) F(£ i) §(/2=3(0=3)/2 (43)

W gli) F(L )
We define 6(w, p) for gradings + and p by
1 if w=np,
0(w, p) = { . (44)

0 otherwise.

v

With factor NV, VY and the string center: Ay = & — (¢ —1)n/2, from Proposition 1, we have

i J

E\i’jww) _ ]/\7@(’? o~ (i) A1 8(w.p) Pl(g)ﬁ Z X190 6?1(i),61(j) 625() e0(d) X1_21...£- (45)
(e5(5))e

/

Here, we recall that sequence (e,(7)), is fixed.



Proposition 3. Let us take integers i, and ji satisfying 1 < i, 9 < £ for k =

1,2,...,m. Weset Y  ix—> - =N —M. Let {up}n be a set of arbitrary N
parameters. If the set of the Bethe roots {\s(€)}ar approaches the set of the Bethe
roots { g} continuously at € =0, we have the following:

<O| HO(Ew)<Ma) . HElikajk (fw) HB(Kw)()\
- 51
(Hszkjk> L oW =55 M) dr({\s}: {w }) Z Z

::]3

e—0

X lim( O|1_[C€p€ la)
—1

I

(Cp;e) U e lp;e U e
( 3 <w§ )) o 'T(kp .) k], . (wé )>)
- %) € g0 (k)
M

X H BP9 \5(€))]0) . (46)

Here we have chosen sequences sgf]/(jk) for each integer k of 1 < k < m.



Here we consider a product of the general spin-£/2 elementary operators,

M, g1 (Cw) i, Jm (L)
E, ce e Jm AR

We also recall variables el ],(ik) and sg{:} (jx) which take only two values 0 or 1 for k =

1,2,....mand o, 8 =0,1,...,£ We have the following:
(K]

For the mth product of elementary operators, we introduce the sets of variables €," s

and sgﬁ]s (1 < k < m) such that the number of E[O]f]/ = 1 with 1 < a < 2s is given by i,

and the number of £ = 1 with 1 < b < 25 by jg, respectively. Here, the variables 5% I
B

and 5%61 take only two values 0 or 1. We then express them by integers s;s and €;s for

jg=1,2,...,2sm as follows:

/ []{7]/

E9s(k—1)+a = € for a=1,2,...,25:k=1,2,...,m,

Es(h—1)18 = 8[6 for 6=1,2,....2s:k=1,2,...,m. (47)



6 Multiple-integral representation for the spin-s XXZ CF's

The fundamental conjecture of the spin-s ground state
The spin-s ground state W}f‘s)} is given by N /2 sets of 2s-strings for 0 < { < 7/2s.

)\go‘)z,ua—(oz—l/Q)nJre(o‘), fora=1,2,...,Ng/2and o =1,2,...,2s.

a

Deviaions are given by eéa) = \/—15C(La) where 5C(LO‘) are real and decreasing w.r.t. «, and
55 > 88 for o < s, 65| < 165 for o > .

Numerical solutions are given by Jun Sato.

The ground state should correspond to the criticality of the SU(2) WZW model with
level k =2s (¢ =3s/(s+1)).

For the homogeneous chain where £, = 0 for p = 1,2, ..., Ny, we denote the density of

string centers by p(\).
1

PN = 2¢ cosh(wA/C) (48)




Multiple integral representations of the correlation function for an arbi-
trary product of elementary operators

We define a spin-s correlation function by

(25w ! sw mi, ng (2sw sw sw sw
Fe (e e}) = W TTEM " ) @) (49)
i=1
For the mth product of elementary operators, we introduce the sets of variables 5[015: Vs
and 5%6]8 (1 <k < m) such that the number of 5%1 =1 with 1 < a < 2s is given by i,
and the number of 5%43] = 1 with 1 < b < 2s by j;, respectively. Here, the variables ng V
and 6%61 take only two values 0 or 1. We then express them by integers S;-S and €;s for
7 =1,2,...,2sm as follows:
Easiotyra = €81 for a=12,...25k=12,...,m,
Cosi1yp = €40 for B=1,2,...,25k=1,2,...,m. (50)

Let us define = and o™ by

o ={jig =0}, o' ={je=1}. (51)



For sets o~ and ™ we define \; for j € o~ and 5\; for 7 € a™, respectively, by the

following relation:

SRS

Jmazx Jmin

i N ) = (A Aaam) - (52)
We have

FE{ej,e3) = Cl{in i) x
oo+ie oco—i(2s—1)(+ie
— ([ e I\
—00+i€e —o0o—i(2s—1)(+ie
0o+ie oo—i(2s—1)(+ie
. / 4.4 / d)\s,
—00+i€ —o0o—i(2s—1)(+ie
00—1i€ oo—i(2s—1)(—ie
/ T T / d>\81+1
—00—1i€ —o0—i(2s—1)(—ie
00—1€ o0o—i(2s—1)(—ie
“e / 4+ ...+ / dM\,
—00—1i€ —o0—1(2s—1)(—ie
x Y QUen e AL - Asam) detS(AL, - Ag) (53)

at({e;})



Here factor () is given by

/

Q({€j7€j )
Mo (T2 00y = wl™ + ) T (3 — wi™)

= (-1
H1<k<€<2$m 90<>‘€ o Ak? + 7 T 657k>
\ s1M 2s
ear (T2 00 — wf™ =TT o8 = ™) .
X
H1<k<€<2sm 90( ) w228)>

The matrix elements of S are given by
Si = 0y — ) +0f2) 60, B, for jk=12.. 2m. (59
Here d(c, ) denotes the Kronecker delta and a()\;) are given by a if \; = p; —(a—1/2)n

(1 <a < 2s), where u; correspond to centers of complete 2s-strings.

In the denominator, we have set € associated with \; and A; as follows.

ie for Im(Ag —N) >0
€ _—
o —ie for Im(A\, — N\;) < 0.



The coefficient C®9)({iy, jr}) is given by

28 {Zkiv.]k} H ik Jk

_ H g(Jjr) F<237ik)qz'k(Qs—ik)/Q—jk(Qs—jk)/Q | (57)

If we put g(2s,j) = /F(2s,7) for j =0,1,...,2s into (57), we have

s R

We may take any oz_({s;-}) corresponding to el s for k = 1,2,...,m, as far as the

number of 5%], = 1 with 1 < a < 2s is given by ;. for each k.

k=1




7 Evaluating the integrals for the spin-1 one-point function

Evaluating the multiple integrals explicitly, we have obtained all the one-point function

for the integrable spin-1 XXZ7 chain as

E2,2(2p)> _ <E0,0(2p)> _ ( —sin cos(
| 2(sin?¢
(EL! (2p)> _ cos C<S?S€n;§ COS C). )

In particular, via evaluation of the multiple integrals, we have confirmed the uniaxial

symmetry relation:
(E*) = (E"). (60)
Through the direct evaluation of the multiple integrals we confirm the identity: (E??) +
(EM) 4 (E) — 1.
Furthermore, we have confirmed the relations among the correlation functions:

0,0 1.1 1,1 0,0 0,1 1,0 1,0 0.1
<E1’1(2p)> =2(e; ey ) =2(e1 ey ) =2(e) ey) =2(e; ey ). (61)
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Figure 2: Comparison with the exact numerical diagonalization. The red and blue lines represent analytical results obtained by the multiple
integrals for (E??) = (E®) and (E'), respectively. The black dotted lines represent those obtained by exact diagonalization with the system
size Ny = 8. (Due to Jun Sato)



8 Spin-s quantum impurity: Form factors of the impurity

Let us consider the fusion transfer matrix whose quantum state is given by
V) oVl g...0 VW

Here the spin-s site corresponds to the quantum impurity:.
(1) N. Andrei and H. Johannesson, Phys. Lett. A (1984) pp. 108-112;
(2) P. Schlottmann, Nucl. Phys. B 552 (1999) pp. 727-747.

Proposition 4. Let 11 and j; be integers with 1 < i1, 51 < 2s. Weseti1—j1 = N—M.
Let {ui}n be arbitrary. For a set of Bethe roots {\s(€)}ar which approaches { Az}

contz’nuously at € =0 we have

M
O’ H C mx w) Na Z1 J1 (25 w) H B mx w) _ ]’\\7(25) 60‘(w)<zk MkﬁZW /\7)
B=1

[ARWA

<> g0 [T O ) T (oo, s
a=1

e1(J1),€1(i1) £25(J1): €94(J2s)

XHB““X“ (@DI0) bou(Pski{w™)).  (mx=2s010--®1) (62



9 Quantum Dynamics: 1D bosons interacting with J-function potentials

The Lieb-Liniger Hamiltoninan is given by
N 52 N

@ + C 5(@7 — CCk) .
j=1 71 k=1

Hrp = —

We introduce field operators for the 1D bosons, ¥(x), 1(z) satisfying the commutation

relations:
(@), ¥ (y)] = 6(z — )
In the second quantized form, we have for Hp,
L
H= [ {0w@00(@) + v @0l )u(a)(z))do
0
The field operators satisty the nonlinear Schrodinger equation:

i0pp = — 02 + 2cp TPl



Density-density dynamical correlation function

The density operator is defined by

pla,t) = '@, )(, 1)
The density-density dynamical correlation function, Ga(x,t), is defined by

(p(x,1)p(0,0)) = (glp(x,t)p(0,0)|g)/(g]9)
=) {glplz, )| (plp(0,0)l9)/ (glg){pl )

n
_ Z ei(Eg_E“)t_(Pg_P“)xW<ILL, )\g)
L

W (i, Ag) = |F (1, Ag)1*/{glg) (el 1)

Here, |g) denote the ground state, and A, the set of rapidities for the ground state. The
form factor F'(u, A,) can be evaluated through Slavnov’s formula. It is expressed in terms

of a determinant.



Summary

e Part I. Reduction of spin-s form factors through fusion method

(1) Formula for expressing the spin-s operators with spin-1/2 ones

( )

(2): “Quantum Inverse Scattering Problem” for spin-s case

We do not solve it for operators but for matrix elements (i.e., form factors).

e Part II: Physical application 1

(1): Multiple-integral representation of arbitrary correlation functions

for the integrable spin-s XXZ spin chain (massless) ( )

(2): Numerical confirmation

e Part III: Physical application 2

Form factors of the spin-s quantum impurity in the XXZ chain

e Motivations: Super-integrable chiral Potts chain, Quantum Dynamics



